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ABSTRACT. We give some disjunction type results for measures and a prop-
erty of domain of functional measure and we applied them to characterize by
growth conditions, the inf-compactness property of an integral functional I(.,.) =
J f(.,.,.)du defined on the product of two integral spaces.

Q

INTRODUCTION

Inf-compactness and lower semicontinuity (Isc) properties of integral function-
als, play a crucial role in several Mathematics problems (Variational and hemi-
variational inequalities, optimization of forms, optimal control, Mathematical eco-
nomics, statistics,---). Those properties have been studied by several authors
( E.J.Balder [2], A.Bourass, B.Ferrahi, O.Kahlaoui [5], G.Bottaro, P.Oppezi [3],
C.Castaing, P.Clausure [6], L.Césari [8],[9], .Ekeland, R.Temam [10], E.Giner [12],
A.D.Ioffé [13], C.Olech [14],[15],[16], Rockafellar [17]) and others.

In this paper, we are interested by the study of inf-compactness properties of an inte-
gral functional with two variables defined as follows: I;(u,v) = [ f(w,u(w), v(w))dpu,
Q

f is an integrand defined on 2 x X x Y, where 2 is a measurable space and X, Y are
Banach spaces, the functions u and v run over integrals spaces. To our knowledge, it
is the first time that the problem of the inf-compactness of an integral functional de-
fined on a product of spaces is studied. In the first paragraph, we present some tech-
nical “disjunction type” results for a family of measures and we establish a property
of the domain of functional measures where the o-decomposability plays a key role.
In the second paragraph we give growth conditions that insure the inf-compactness
of I, for all v in a decomposable set and we also give a characterization in order to

the integral functional associated to in(f f(w, z,y) be inf-compact. At last, condi-
zel'(w

tions on the integrand f will be introduced in order to obtain the inf-compactness
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of I; on all a neighborhood of ug € L% (2, i) as soon as it is inf-compact in ug.

In the sequel, X and Y denote two separable Banach spaces, By, By their
borel tribes respectively and (€2, .4, 1) a measurable space such that p is an atom-
less complete finite non negative measure. We note L% (Q, ) (resp. LY (2, 1))
(resp.LY (€2, 1)) the space of all measurable functions (resp. Bochner integrable
functions) (resp. essentially bounded functions) from € into X.

Let f: 2x X xY — IR be an integrand (i.e.. AQB(X)®B(Y), B( IR)-measurable),

which is not everywhere equal to +co0. Observe that w — f(w,u(w),v(w)) is also

measurable for every u € L% (Q, 1) and every v € LY(Q, ). For every z € X,

fz denotes the function defined for each (w,y) € Q@ x Y by f.(w,y) = f(w,z,y).

The conjugate function or polar of f, with respect to the (Y)Y”) duality is de-

fined for each (w,y') € Q@ x Y' by fX(w,y) = sup (< y,y' > —fz(w,y)). For every
yey

u € L5%(Q,u), set f, or f(u,.) the function defined for each (w,y) € Q x Y by
f(w,u(w),y), and f}(w,y") = sup (< y,y > —f(w,u(w),y)) its polar with respect
yey

to the (Y,Y”) duality. We define the integral functional associated to f as follows:
Iy LA (Q, ) x Ly (Q, 1) = R with

[ flw,u(w), v(w))dp if f(,ul),v(.) € LR (2, 1)
I(u,v) = ¢ @

+00 if not

- We say that a function g : X x Y — TR is (||.||, o)-Isc if it is lower semicontinuous
on X XY when X is equipped with the norm topology and Y with the weak topology
o(Y,Y"). The function g is proper if it takes no —oo values and not everywhere equal
to +o0.

- We say that a function ¢ : £ — IR is 7 inf-compact, where 7 is a topology on E,
if the level sets of ¢g (i.e.: {z € E, g(x) < M}, for some scalar M) are compacts
with respect to 7.

- For every coercive even non negative normal convex integrand which is continuous
and takes zero in the origin (Young function) ¢ : Q x X — TR, set:

- Uyt The Orlicz class associated to ¢, that is the domain of I,

Co=Jue L@, [ ol u@)dn < +o
Q
- L,: The vector space generated by C, that is IRC,,.

- E,: The biggest vector subspace contained in C,, which exists since 0 € C,,.
- [|-llo: The Gauge of the convex set {I,(.) < 1}, it defines a norm in L.
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- The polar of ¢ is defined by ¢*(w,2’) = sup (< z,2' > —p(w, x)), it is also a
reX
Young function.

- We say that ¢ satisfies a As-condition if there exists A > 1, K > 0 and
a(.) € Ll]R+(Q, ) such that for almost every w € Q and every x € X we have

o(w, A1) < Kp(w,x) + a(w)

- A o-finite p-recouvrement of 2 is a non decreasing family (€2,,),, of pairwise disjoint
measurable subsets such that M(Q\UQn) = 0 and u(£,) < +oo for every n (we shall

write Q,, Q).
- A p-partition of 2 is a family (£2,),, of pairwise disjoint measurable subsets such

that M(Q\UQn) = 0.

- We say t?lat a subset D of L% (Q, ) is decomposable if for every u; and us in
D and every measurable subset E, ui.xg + us.xge is in D, where yp denotes the
characteristic function of F that is yg(w) = 1 if w € E and xg(w) = 0 if not. We
say that D is o-decomposable if for every (u,), in D, and every p-partition (£2,),
of €2, the function Zun.xgn is in D. A subset H is rich in D if for every u € D,

there exists a sequennce (un)n in H and Q,, 7 Q such that u,.xq, = u.xq, p-almost
everywhere for every n € IN.

-Let T': © — X xY be a measurable multiapplication (see [7]), set LY its profile (i.e.:
all (A, B(X) ® B(Y'))-measurable functions u : @ — X x Y such that u(w) € I'(w)
p-almost everywhere.)

- Let f and g be two integrands defined on Q x Y into IR. We say in accordance
with [12] that “g is almost essentially dominated by f” if the following condition
holds:

VYA >0 dby, >0, day € Ll]R+(Q’ ) such that for u-almost every w in €2, we have:

9w, \y) < b flw,y) +ar(w) VyeVY

If by =1 for every A > 0, then we say that “g is essentially dominated by f”.

1. DISJUNCTION TYPE RESULTS AND FUNCTIONAL MEASURES

In the following we establish some new disjunction type results. Those results are
related to measures, measurable functionals and integrands.

Lemma 1.1. Let (u,)n be a sequence of atomless finite non negative measures such
that

() >2"  Vne IV
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Then, there exists a subsequence (i, ) and a family of pairwise disjoint measurable
subsets (A,), such that

Proof. The construction is based on the following recurrent procedure, we can
extract a subsequence (fi,,); such that for every p € IN, there exists a family

{4;, i=1,--- p} of pairwise disjoint measurable subsets which satisfy
;unk(Ak):l kzlaap
p
pa O\ JA) > 2% k=p+1,-
i=1

For p = 1, we have p;(2) > 2 and p; is atomless, then there exists a measur-
able subset B; such that p(B;) = 1. For every n € IN, we have p,(Q) =
fin(B1) + pn(Q\By) > 2", 50 i (By) > 27" or i, (Q\By) > 2", Two possibil-
ities present themselves:
1) We can extract a subsequence (j,,)r such that pu,, (Q\B;) > 2%~ for every
k € IN, here p,, = p;. Then, we take A; = B; and continue the procedure with
(lunk)k'
2) There exists ny € IN such that u,(By) > 2"! for every n > no. We have
p1(2\B1) > 1 and g is an atomless measure. It is sufficient to choose A; C Q\ By
such that 1(A;) = 1 and continue with the following sequence (1in)1,n9,n5+1,--
Thus, in all cases and by noting, (u,, ), the extracted subsequence, we have:
For k=1 p, (4) =1

fin, (Q\By) > 21 first case
Fork 22 i, ({\A1) = { un:EQ§A1§ > i, (By) > 2™1 second case, since ng > no

Which completes the construction for p=1. Suppose that we can extract successive
subsequence (i, )r and build a family A,,---, A, of pairwise disjoints measurable
subsets such that

;unk(Ak;):l k:1,,p

p

pn (N JA) > 277 k=p+1,--

i=1

Let us show that the property is still true for the following rank p + 1. We have
p p

,uan(Q\UAZ-) > 2"+17P > 2, and py,,,, atomless, there exists B, C Q\LJAZ such
i=1

i=1
that:
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For k > p + 2, we have:

Hony, (Q\UAZ) = Mnk((Q\UAi)\BpH) + pny (Bpi1) = 2%7F

=1

Consequently, we have one of the following alternative cases.
p
l) Hiny, (BPH) 2 gmepl ”) Mnk((Q\UAi)\BpH) 2 gl
i=1

As above we distinguish two cases:

P

1) There exists an infinite number of indices (k) such that: ,unk((Q\UAi)\BpH) >
i=1

2" P~1 and we can extract a subsequence (Nnkl)l which verifies:

p
g, (Q\JA)\Bya1) > 277!
=1

So, we set A, = By and we continue the procedure with the following subse-

QUENCE: fin,, """, [ny 1 (Hig, )i
2) There exists ny, € IN such that for every k > ky we have :

ﬂnk (Bp+1) Z 2nk—p—1

Since:

P P
by (QAJANBr1) = 1y A = by (By)
i=1 i=1
> MWl TP ] >
p
and the measure p,,,, is atomless, then there exists A,,, C (Q\UAi)\Berl such
i=1
that fu,,,,(Ap+1) = 1. We continue with the following subsequence:

Hpyse e ,,U/anrl; (Mnk)kao
Thus, in the two cases we can build a subsequence (y,,); and a family A, ---, A,
of pairwise disjoints measurable subsets such that:

p+1

(@A > 20t 1>pi2 m
i=1
Proposition 1.2. Let L C L%(Q,u) and M C L%(Q, p) be two vector subspaces
such that L is stable by trancature (i.e.: u.xs € L ifu € L and A € A). Let D be
a o-decomposable subset of L and F : L x M — IR a functional such that:
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i) The application A — F(u.xa,v) is o-additive i.e.: F(u.x o ,v) = > F(u.x4;,v)

U 14Z =1

i=1
for every (u,v) € dompF = {(u,v) € D x M, F(u,v) < +00} ;
ii) There ezists (ug,vg) € D x M such that F(ug,vy) < +00.

Then,
(domF (u,.) = dom (Sup F(u, .)> :

weD ueD

Proof. Without loss of generality we can suppose that 0 € D and F(0,0) = 0.
Indeed, let (ug,vp) such that F(ug,v9) < +00. Set Dy = D — uy and Fy(u,v) =
F(u + up, v+ vy) — F(ug,v9). We have

(1) ﬂ domF (u,.) = ﬂ domFy(u',.) + vy.

ueD u' €Dy

Indeed, let v = v; — vy € ﬂ domF (u,.) — vg. For every u' € Dy, there exists u € D

ueD
such that v’ = v — ugy. So

Fo(u',v) = F(u' + up,v+wvo) — F(ug, vo)
= F(u,v1) — F(ug,vp) < 400
Then ﬂdomF(u, ) C ﬂ domFy(u',.) + vg. For the other inclusion, let v =
ueD u' € Do
v + vy € ﬂ domFy(u',.) + vy. For every u € D, there exists u’ € Dy such that
u'€Do
u = u' + ug. Therefore,
F(u,v) = F(u'+ ug,v1 + v,)
= Fy(u',v1) + F(ug,v9) < +00.

Which implies the desired inclusion. The following equality can be shown by using
the same method

2) dom (sup Flu, .)> = dom ( sup Fy(u, .)> + 0.

ueD u’€Dg

Suppose from now on that 0 € D and F'(0,0) = 0. The inclusion dom (sup F(u, )) C

ueD
ﬂdomF(u, .) is obvious. Let us suppose that the other inclusion does not hold,
ueD
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then there exists v’ € M such that for every u € D we have F(u,v') < 400 and

sup F'(u,v") = 400. Thus, there exists a subsequence (u,), in D such that:
ueD

F(up,v") >2" VYne IN.

For every A € A set,

pn(A) = Fup.xa,v").
For every n € IN, p, is an atomless measure (hypothesis i)) because it is absolutely
continuous by respect to p. Moreover,

pn(Q) = F(uy.xa,v") = Fluy,v') >2" Vne IN.

Using lemma (1.1), there exists a subsequence (g, )i 0f (t4n)n and a family (Ag), of

pairwise disjoints measurable sets such that for every k € IN we have p,, (Ax) = 1.

The element u = > up, . x4, is in D because it is o-decomposable. Observing that
3

U.X A, = Un,-XA,, We have

F(u,v") = F(Zunk.XAk,v') :F(ZE'XAIHUI)
i k
= F(a.ZXAk,U') = ZF(@.XAk,v')
k k
- ZF(UM'XAMUI) = Zunk (Ag) = +o00
k

k
Which contradicts the fact that F(u,v') < 400 for every u € D and completes the
proof. [ ]

As we can show it later, the assertion i) in proposition (1.2) can be obtained by
using a lower semicontinuity property. Let us consider the following hypothesis. Let
L be a semi-normed vector topological space, 7 its topology, such that (L, 7) is topo-
logically decomposable ([12], definition 1.1.3) and satisfies the following fundamental
hypothesis.

(F.H) The application (u,A) € L x A+ u.x4 € L is separately continuous (it is
sufficient to check it at (0,()) where L is equipped by 7 and A by the so-called
Nikodym topology which is defined as follows:

A, XA & VBeAd uB)<+oo  u(BN(A,A4)) =0

L% (Q,p)
< XA, i XA-

Examples of topological spaces where the (F.H) holds:
- L% (€, p) equipped with the topology of convergence in measure ;
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- L, equipped with the weak topology o(L,, L,-) when ¢ is continuous in 0 ;
- B, equipped with the norm ||.||, topology when @¢(w,t) := sup ¢(w, ), is finite.

|z[|=t

Lemma 1.3. Let F : L x M — IR, and D a 7-closed decomposable subset of L,
which contains zero. Suppose that L verifies the fundamental hypothesis (H.F'), and
that for every v € M, the following conditions hold:
i) The application A — F(u.xa,v) is additive for every (u,v) € domF (i.e.:
For every finite family (Ai)i<i<n of pairwise disjoints measurable subsets, we
have:

F(u.x n 7'U):ZF(U-XA”U)
, i=1

U4

i=1
ii) The functional F(.,v) is proper T-lsc on D.
Then, the application A — F(u.x a,v) is o-additive, for every (u,v) € D x M.

Proof. Let v € M, u € D and (A,), be a family of pairwise disjoints measurable
subsets. we must check that :

n—-+o0o

F(u.XUAn,U): lim ;F(U.XAP,U).

From i), it follows that for every n € IN,

n

F(uXU m v) = Z F(u.xa,,v) + F(u.xg,,v)

p=0

where B,, = U A,. Note that B, is a non-increasing sequence and that ﬂ B, =0,
p>n n

which implies B,, - 0.
We deduce that

7— lim wyxp, =0 and 77— lim ZU.XAP = U.X4A,

n—-+o0o n—-+o0o

where A = UA"' The functional F' is proper 7-lsc, then,

n

0= F(0,v) <liminf F(u.xg,,v)

n—-+0o



FUNCTIONALS MEASURE AND INF-COMPACTNESS OF INTEGRAL FUNCTIONALS 9

and

—00 < F(u.xa,v) < limian(Zu.XAp,v)

It follows that

n

liminf » F(u.xa,,v) > F(u.xa,v)

n—-+o0o
p=0
n

> i F(u. lim inf F'(u.
2 limsup ) Fuxa, o) +iminf Pluxs,. o)
> limsupZF(u-XAp;U)

n—-+oo p=0

That is

F(u.xa,v) = lim ZF(U.XAP,U) u
p=0

n—-+00

Lemma 1.4. Let X be a separable Banach space and p : X — IR a non negative
function. The following assertions are equivalent:

i) ¢ is strongly coercive;

ii) ¢** is strongly coercive.

Proof. The implication ii) = i) is obvious because ¢** < ¢. Suppose that ¢ is
strongly coercive, then:

Va >0, 3B, >0, such that ||y|| > B, = ¢(y) > oyl

and we have, sup (a|ly|| — ¢(y)) < 0. From another hand, ¢ is non negative then,
lyll=Ba

sup (a|ly|| — ¢(y)) < aB,. It follows that for every y € Y, »(y) > a||ly|]| — aBa,.
llyl|<Ba

Taking the bipolar we will have, ¢**(y) > al|y|| — @B,. Which implies that for every

a >0, we have lim £ ® >, n
lyll—-+oo 1

Lemma 1.5. Let (o), be a sequence in L° (0, u) and a € LllRJr(Q,u). If for

p-almost every w in Q we have liminf o, (w) > —a(w). Then,
n—-+o0

lim sup/oz;(w)du > —00.

n—-+0o
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where o, = min(ay,, 0).

Proof. Let a € Ll]R* (2, ). We have liminfan(w) > —a(w) — a(w) and for every
+ n— 400

w € (), there exists n, € IN, such that o, (w) > a(w) — a(w) for every n > n,. Set
A, = ﬂ {weQ, ap(w)>alw)—a(w)} and note that Q = UAP'
n>p p

If (©,), is a o-finite p-recouvrement of €2, then the sequence (€2, N A4,), is still a
o-finite p-recouvrement of €2 and for every n € IN we have,

/a;(w)du: lim a, (w)dp.

p—+o00
Q QpNAy

Using a diagonalization lemma due to Attouch[l], we get that there exists an in-
creasing function # : IN — IN such that

(3) limsup/an(w)d,u = limsup lim a, (w)du
n—-+00 n—+oo P10
QpN A,
(4) > limsup / iy (W)t
p—+o00
QpN A,

Notice that for every p € IN and p-almost every w in 2, N A,, we have:
ag(p)(w) > a(w) — a(w),

which implies:
Ay (W) > a(w) — a(w).

Consequently:

[ an@in >~ [ (@) +aw)au

QpNA, QpNA,

> —/(a(w)+a(w))du.

It follows that,

lim sup / e (W)dp > —o0
p——+00
QpNAp

Then, we obtain the desired result in virtue of (4). n

In the following result we give a more general version of lemma 3.7 of [4].
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Lemma 1.6. Let (i), be a sequence of non negative atomless measures, such that
for every n € IN, p,(Q) = +oo. Then, there exists a subsequence (fin,)r and a
family (Ag)i of pairwise disjoints measurable subsets such that:

fin, (Ag) = +00  Vke IN.

Proof. We adapt the proof of ([4], lemma 3.7) to non absolutely continuous measures.
]

Lemma 1.7. Let ¢ : Q x Y — IR be a Young function and g : 2 x Y' — IR. If
v' € domly and A € A are such that [ g(v')dp = +oo. Then, for every a > 0,
A

there exists a measurable subset A" in A with the following property:

. P (w,v'(w))dp < a and /g(w, v'(w))dp = +oo.

AI

Proof. Suppose that the conclusion of the lemma does not hold. Then, for every
measurable subset A’ C A we have one of the following alternative cases:

(5) i) . Vv (w, v (w))dp > a i) /g(w,v'(w))du < 400

First, we note that [, *(w,v'(w))dp > a because [ g(w,v'(w))dp = +oc0. Since
A

the measure p is atomless, there exists a measurable subset A; of A such that
Ja, ¥ (w,v'(w))dp = a. Using (5) we will have [ g(w,v'(w))dp < 400, and conse-

Aq
quently [ g(v')dp = +oco. Furthermore we have [ g(w,v'(w))dp= [ g(v')dp+
A\A, A AVA,
[ g(w,v'(w)")dp = +o0, which implies, in virtue of (5) that [ g(w,v'(w))dp =
A1 A\Al

+o00. Using the same argument as above, we can say that there exists a measur-
able subset Ay of A\A; such that [ ¢*(w,v'(w))dp = a. Using successively this
Az

method we can build a family (Ay), of pairwise disjoints measurable subsets such
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that [ ¢*(w,v'(w))dp = a for every k € IN. It follows that

Ag
[orevean = [ v
Q UAk
k
B k/w(w,v'(w))du: +00
Ap
Which contradicts the fact that v’ € domly-. ]

2. INF-COMPACTNESS OF AN INTEGRAL FUNCTIONAL

The aim of this section is to study the Inf-compactness property of an integral
functional defined on a product of spaces. Note that for the one variable functionals
there exists several characterizations. We recall the following which is due to Giner
([12], Th 5.2.6).

Theorem 2.1. [13] Let Y be a reflexive separable Banach space, 1 : Q x Y — IR,
a Young function, and f : Q x Y — IR a normal conver integrand. Consider the
following assertions:

i) The functional Iy is proper o(Ly, Ly~) inf-compact ;
f* is almost essentially dominated by * ;

ii)
iii) Lw* is a subset of domls- ;
Ii(v) _
) ot Tl = F

iv

Then, i) = 1) < i) < ) and if I; is not everywhere equal to +o00, all assertions
are equivalent.

When wu is fixed in any integral space, the inf-compactness of I;(u, .) is character-
ized by the above theorem. All the conditions in this theorem depends on u. In the
following, we give an analogous characterization uniformly in «, when « run over a
decomposable set.

Theorem 2.2. Let X and Y be two separable Banach spaces, whit the additional
condition that Y 1is reflexive. I' : Q@ — X is a measurable multiapplication, 1 :
QxY — IR is a Young function and f : Q x X xY — IR is an integrand such
that, for p-almost every w in ), we have:

i) fis (||.|],0)-lsc on X XY ;

i) f(w,x,.) is convex for every x € X.
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Let D C L% (Q, 1) be a rich o-decomposable subset of LY. Let us put

— inf
g(w,y) xelrrl(w)f(w,x,y)

If for every u € D the functional I(u,.) is not everywhere equal to +oo, then the
following assertions are equivalents:

a) Ir(u,.) is proper o(Ly, Ly-) inf-compact for every u € D ;
b) 1, is proper o(Ly, Ly-) inf-compact;
¢) For every A > 0 there exists by > 0 and ay € L11R+(Q, w) such that

f@,2,9) > Y(w, z—f) faw) Vo) €Dw) x Y.

Proof. a) = b) Suppose that I;(u,.) is proper and o(Ly, Ly-) inf-compact for every
u € D. Using theorem (2.1), we will have

(6) Ly- C domly- Vu € D.
Applying proposition (1.2) to the functional F'(u,v) = Iy:(v) we deduce that

(7) Ly- C dom(sup Iy ).

ueD

But g(w,y) = inf : f(w, z,y) then, we will have

zel(w

8 sup I (v') = I,-(v")  for every v' € Ly-.
b fi g (4

Indeed, let v' € Ly-. The inclusion (6) implies that Iy. (v') < +oo for every u € L}
and for every v € Ly, such that I;(u,v) € IR, we can write

If- (V') > / <v'(w),v(w) > du — /f(w,u(w),v(w))du > —00.

Q
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So, fr(v') € LI]R(Q, ). Regarding to theorem 1.4 of [?], we will have :

sup I (v') = sup/sup(< vV'(w),y > —f(w,u(w),y))du
ueD uEDQ yey

= / sup sup (< v'(w),y > —f(w,z,y)) du

z€l(w) yeY

z€l(w

sup (< v'(w),y > — inf )f(w,:c,y)> dp

and we conclude that I, is 0(Ly, Ly+) inf-compact by virtue of theorem (2.1).
b) = a) is obvious since f(w,u(w),y) > g(w,y) for every u € D and every y € Y.
b) <= ¢) by virtue of theorem (2.1)i7).

Corollary 2.3. Under the same hypothesis of theorem (2.2), if Iy, is 0(Ly, Ly-)

inf-compact for every u in a rich decomposable subset D of LY., then U {I5, < A}

ueD
15 weakly relatively compact for every X € IR.

Proof. Under the same notation as above, observe that U {I5, <A} C{l, <A}

ueD
and we conclude with theorem (2.2). n

In the particular case where u runs over the L (€2, 1) space, we obtain the fol-
lowing corollary:

Corollary 2.4. Let X and Y be two separable Banach spaces, with the additional
condition that Y is reflexive. ¢ : QxY — IR be a Young function, f : Qx X xY —
IR be an integrand with the same hypothesis as in theorem (2.2). Suppose that for
every u € LY(Q, p) the functional If(u,.) is not everywhere equal to +o0o. Then,
the following assertions are equivalents;
i) For everyu € LY (2, p), the functional If(u, .) is proper o(Ly, Ly~) inf-compact;
ii) For every M > 0, the functional Iy, is proper o(Ly, Ly ) inf-compact. Where,

fM(UJ; y) = Hlenngf(wa €, y)

Proof. For every M > 0, set
Fy(w)={ze X, |[z| <M}
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Then, L{, = B,(0, M) where By (0, M) is the ball centered in 0 with radius M in

L (82, ). It is sufficient to note that LY (Q, u) = U B (0, M) and to use theorem

(2.2). " .

The assertion c¢) in theorem (2.2) implies that the function g(w, y) = in(f : fw,z,y)
rel'(w

is strongly coercive for p-almost every w in 2. The reciprocal result seems to be
true in many situations. More precisely, we have the next proposition. First, Recall
the following technical lemmas which are due to Giner ([12]).

Lemma 2.5. ([12], 4.1.3) Let ¢ be a Young function which is continuous in the
origin and strongly coercive. Then, there exists another Young function ¢ which
satisfies a ANg-condition, such that v is almost essentially dominated by . Moreover,
the following topological inclusion hold

(9) (Ltpﬂ O(LW Ew*)) — (L1/17 O(LT/H Ll/}*)) = (L1/17 O(LTP: Li/;))

Lemma 2.6. ([12], 4.2.4) Let ¢ be a Young function. Then, Bounded closed convex
subsets of L,(Q, p) are exactly those subsets which are o(Ly,, E,-)-compacts.

Proposition 2.7. Let X andY be two separable Banach spaces, with the additional
condition that Y is reflexive. I : Q@ — X a measurable multi-application and f :
QO x X xY — IR an integrand with the same hypothesis as in theorem (2.2).
Suppose that the function g : Q x Y — IR where g(w,y) = meirrl(fw)f(w,x,y) is
strongly coercive for p-almost every w in £ and that g*(.,0) € LllR(Q,u). Then,
there exists 1 : Q x Y — IR a Young function which satisfies a Ay-condition such
that for every u € LY. the functional 1;(u,.) is 0(Ly, Ly+) inf-compact.

Proof. Set h(w,.) = g(w,.) + ¢*(w,0), then h is a non negative strongly coercive
function, by virtue of lemma (1.4), h**(w,.) is also strongly coercive for p-almost
every w in . Since ¢g*(w, 0) is finite almost everywhere, ¢**(w, .) = h**(w,.) —g*(w, .)
is also strongly coercive. Using theorem 3.3 of [11], we get that there exists a strongly
coercive Young function ¢ such that

97 (w,y) 2 p(w,y) — g"(w,0)  V(w,y) €QXY.
For every u € LY. and every v € L, we have, by Using (2.5), that
fw,u(w),v(w)) g(w,v(w))

9" (w,v(w))

90((")7 U(w)) - g*(w, 0)

(AVAR AVARAY,
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for p-almost w in €. Then,

I(wv) > 1,(0) - / g (@, 0)dy

which shows that lower sections of If(u,.) are bounded in L,. Furthermore, the
function f(u(.),.) is Isc and bounded below by —g*(.,0) which is integrable. Thus,
the lower sections of I¢(u,.) are also closed in measure and convex in L,. By using
(2.6), we conclude that such sections are o(L,, E+)-compacts. In virtue of (9) it
follows that they are o(Ly, L;,)-compacts. Which completes the proof. [ |

Theorem 2.2 gives inf-compactness characterization of integral functional I, for
every v in a decomposable set. Now, we give a new inf-compactness condition of Iy,
with u in a neighborhood of u,. In the following definition we will introduce a new
notion of equi-lower semicontinuity in the neighborhood of +o0o. This last notion
will play an important role in our study.

Definition 2.8. Let X be a topological space and Y be a normed vector space. We
say that a function f : X xY — IR is equi-lsc in the neighborhood of +0o at vy € X

if:
Ve >0 3V, € V(xy) Tre >0 such that f(xo,y) < f(z,y)+eV(z,y) € VexY, ||yl > re;
where V(xq) denotes the set of all neighborhoods of xy.

Example. Let f(w,z,y) = p(w,z) + q(w,y) where p : Q@ x X — TR and
q:QxY — IR. If pis lower semicontinuous at z, then f is equi-lsc in the
neighborhood of 400 at zy.

Under this assumption of equi-Isc in the neighborhood of +o0, the strong coerciv-
ity of a function in a point implies its ”uniform” strong coercivity in a neighborhood
of this point:

Lemma 2.9. Let X be a hausdorff topological space and Y be a normed space f :
X xY — IR and zy € X. Suppose that:

i) f is equi-lsc in the neighborhood of 400 at xy.
ii) f(xzo,.) is strongly coercive.

Then, there exists a neighborhood V' of xy in X such that in‘f/f(x,.) s strongly
Te

coercive.

Proof. Let € > 0. According to i), there exists V' € V(z,) and r. > 0 such that
in‘f;f(x, y) > f(xo,y) — € for every |ly|]| > r.. Since f(zo,.) — € is strongly coercive,
Te
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it will be the same for in‘f/f(x, ). n
TE

Generally, the upper bound of a family of upper semicontinuous functions (usc) is
not necessary usc, but with the assumption of equi-lsc in the neighborhood of +o00 we
get back the scs of the following function: z € X — f(y') =sup (< y, v’ > —f(z,y))

yey

TR for every fixed ' € Y. Indeed, we have the following result:

Proposition 2.10. Let X and Y be two separable Banach spaces, with the addi-
tional hypothesis that Y is reflezive, f : X x Y — IR a function which satisfy:

) fis (||.||,0)-lsc on X X Y;
ii) f is equi-lsc in the neighborhood of +o0o at xy.

Then, for every y' € Y', the function v € X — fi(y') € IR is norm usc at xy.
Proof. Let y' € Y’ be fixed. We must show that the function:

h(r) = —f;(y) = inf (f(z,y)— <y,y" >)

yey

is Isc at xy. Let € > 0 and (x,,), — ¢ in the norm of X. The hypothesis of equi-lsc
in the neighborhood of 400 implies that there exists n; € IN and B, > 0 such that
for every n > n; and every ||y|| > Be, we have f(x,,y) > f(xy,y) — €. Then

f(xnay)_ < ylay > f(x():y)_ < ylay > —€ 2> h(ﬂfo) — €
for every ||y|| > B.. It follows that,

(10) o (Flony)= <yhy>) 2 hlzg) =€ ¥n >,

yll>Be
From another hand, for every n € IN, the function y € Y — f(x,,y)— < ¢,y >€
TR reach its minimum on the ball {y € Y,  ||y|| < B.} since this function is weakly
Isc and Y is reflexive. Therefore, for every n € IN, there exists y, € Y, ||y,|| < B
such that

(11) HyngfB (f(@n,y)— <y y>)=f(@n,Yn)— <Y, Yn >

So, we will have:

(12) h(zo) < liminf (f(zn, yn)— < Y, yn >)

n—-+o0o

Indeed, if the second limb is +o0o there is nothing to check. Otherwise, there exists
an increasing function ¢ : IN — IN such that :

lminf (f(2n, Yn)— < Y\ yn >) = 1Im (f(Zpm) Yom)— < Y Ypm) >) = ¢ < +00.

n—-+00 n—-+0o0o
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The sequence (Yy(n))n is bounded in Y, we can extract a weakly convergent subse-
quence (Yy(p(n)))n Which converges to some gy in Y. Since the function f(.,.)—
<y',.>1is (|||, 0)-Isc on X x Y then,

h(zo) < f(xo,v0)— <Y, yo >
< liminf (f(@ygom), Yoem)) = < U's Yp(om) >) = ¢

n—-+00

thus (12) is satisfied and there exists ny € IN such that:

(13) F(@n,yn)= < y'syn >> h(wg) —€  pour n > ny

by virtue of (10), (11) and (13) there exists an integer ny = max(ny, ny) such that:
fwn) = inf (f(an,y) = <y'y >) 2 hao) =€ ¥n2no.

Which completes the proof of the upper semicontinuity of A and consequently
[i(y") = —h(x) is Isc at . u

In the following, we check out the fact that if f is equi-Isc in neighborhood of +o0
and I is inf-compact in a point, then the functional I¢(u,.) is inf-compact for every
u in a neighborhood of this point.

Theorem 2.11. Let X and Y be two separable Banach spaces with the additional
hypothesis that Y is reflevive. Let ¢ : Q@ x X — IRy and ¢ : QxY — IR, two
Young functions such that ¢* satisfies a Ay-condition, and f: QU x X xY — IR is
an integrand. Suppose that

i) f(w,.,.) is (||.]|,0)-Isc on X XY for p-almost every w in §2;

ii) The function f(w,z,.) is convex for every x € X for p-almost every w in Q;

iii) There exists ug in L, such that, for p-almost every w in €2, the function f(w, ., .)

is equi-lsc in neighborhood of +00 at uy(w).

iv) The functional I takes no —oo values.

v) Iy,, is proper o(Ly, Ly~) inf-compact.
Then, there ezists a neighborhood Viy of ug in L, such that I;(u, .) is proper o(Ly, Ly-)
inf-compact for every u € Vi such that I;(u,.) is not equal to +o0.

Proof. In virtue of theorem (2.1), it is sufficient to check that:
(14)
3r >0, such that Ly C domly for every u € B,(ug,r) such that domls(u,.) # 0
where B, (ug,r) denotes the ball of L, centered in uy with radius r. Since the
functional I¢(uy,.) is proper o(Ly, Ly~) inf-compact, Using theorem (2.1), we get
(15)

VA >0 Jby >0 day € Ll]RJr(Q,u) such that  fy (w, Ay') < o™ (w,y’) + a(w).
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For every y' € Y’ and p-almost every w in Q.
Which is equivalent for every y € Y and p-almost every w in €2 to

(16)

A
VA >0 3by >0 day € L1]R+(Q,u) such that f(w, up(w),y) > bri(w, b_y) — ay(w).
A

Suppose that (14) does not hold. Then, there would exist two sequences (uy), in
L, and (v),), in Ly~ such that:

1
(17) |ltun — wol|p < . Iy (v,) = +oo and  If(up,.) # +oo.

For every n € IN*. Set

(18) B, = {weQ f; (wv,(w)) <0}
(19) ln = Un.XB, + U0-XBe
(20) o, = v.Xs,

The function f; (w,7,(w)) = f (w,v;,(w))-XxB, + fu,(w,0).xB: is well defined, be-
cause if w € Q\B,, then:
fi (@, 7)) = fi(w,0)

= 21615(—f(w,u()(w),y))

> —f(w,up(w), vo(w)) > —oo

Where v, is some element of L, such that Ir(ug,vp) € IR.
From another hand, we have in virtue of (16),

fa(w, 0y (w)) = sup (= f(w,up(w),y)) < ar(w) < +o0

Thus, for every nin IN, we have f7 (w,v,(w)).xB, € LOﬁ (2, p) and fr (., v,(.) >
+

0 on B,,. Then we get

[ @ aonmdn = [ £ @@

Q

- /f;n(w,v;(w))du—/f;‘n(w,v;(w))du

= Iy, — [ £t @)dn

= +4o0.
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Applying lemma (1.6) to the non-negative measures p,(.) = [ fz (w, 0, (w)).XB5,dL,

()
we can extract a subsequence (i, ); and build a family (A}), of pairwise disjoint

measurable subsets such that

[ Fioy 50 @) i it =+

Al

for every k € IN. Set Ay = A} N B, , then (Ay), . v is a family of pairwise disjoint
measurable subsets such that

/fun w, nk w))dp =+oco  for every k € IN

but v, € Ly« = domly~ then, for every k € IN* lemma (1.7) insure the existence
of a measurable subset E;, C A such that:

(21) /1/) w, v, (W))dp < - 2k and /f w, v, (W))dp = +oc.
Let us define the following functions:

(22) v = Zn:”%k-XEk and w, = unp.XU B, + Uo-XQ\ UEk
Notice that v € Ly- because

| v de@nan=3 [ du<z—<+oo

and for every p € IN we have

> / < 0'(w), v, > dp— / (@t (@), 0,y ()|

(23) > —o0.
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Where v,, € Ly is such that I(u,,,v,,) € IR. This choice is possible because
I(.,.) > —oc and If(u,,,.) is not everywhere equal to +oo.
For every p € IN, In virtue of (21) and (23) we can write:

[ @i = [ g e [ )
“ U E: o\ Ex

oy @it [ £ v @dnt [ 1w u0w), vl
Ep UEk Q

vV
—

So,

(24) / w, (W, V' (w))dp = +00 for every p e IN

From another hand, using (17) and (22), (w,), converges to ug in L, and, if neces-
sary take a subsequence, we can suppose that (w,), converges p-almost everywhere
to ug. Since for p-almost every w in €2, the function x — f(w,v'(w)) is usc in ug(w)
( proposition (2.10)) then,

limsup fy, (o) (W, ' (W) < fug (W, ' (W) p-almost every where

p—+00
Taking A = 1 in (15), there exists by > 0 and a; € Ll]R (€2, pv) such that:
+
it $up 0y '()) < Fiyoy @) < buth" (0, 0/(w) + ()
p—+00

that is

—(b1Y* (w, v (W) + a1 (w)) < liminf(—f¥ o ( y(w,v'(w)))

p—+o0
Finally, Notice that —(b1¢*(w, v'(w)) +a1(w)) € L'z (€, p) and in virtue of lemma
+
(1.5), we obtain:

—00 < limsup/—f;;p(w,v'(w)) = —hmlnf/f w, v'(

p—+oo p—+00

Which contradicts (24) and completes the proof. n

Observe that the balls By (ug,7) = {u € LY, || u—1uy ||<r} of LY are decom-
posable. Combining theorems (2.2) and (2.11) gives the following corollary
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Corollary 2.12. Under the same hypothesis of theorem (2.11), if there exists ug €
S such that Iy, is o(Ly, Ly~ )-inf-compact, then there exists M > 0 such that I,

is inf-compact, where fy(w,y) = inf flw,z,y).
llz—uo (w)l|<M

Using the same arguments of corollary (2.3), we deduce that

Corollary 2.13. Under the same hypothesis of theorem (2.11), if Iy, is o(Ly, Ly~ )-

inf-compact for some ug € LY, then there exists M > 0 such that U {I;, <A}
lu—uol|<M
15 weakly relatively compact.
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